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Figure Optimal quasiperiodic structure with ?ve-fold'symmetry. 
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Figuregf. Optimal disordered hyperuniform structure with x=0.4. 
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Figure‘i'. Optimal disordered hyperuniform structure with x=0.5. 
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NON-CRYSTALLINE MATERIALS HAVING 
COMPLETE PHOTONIC, ELECTRONIC, OR 
PHONONIC BAND GAPS 
STATEMENT REGARDING FEDERALLY 
SPONSORED RESEARCH OR DEVELOPMENT 
[0001] The research described in this application Was sup 
ported by grant number DMR-06064l5 from the National 
Science Foundation. The United States government has cer 
tain rights in the invention. 
FIELD 
[0002] Embodiments of the invention relate to materials 
having photonic, electronic or phononic band gaps, methods 
of designing such materials, and devices that comprise them. 
BACKGROUND 
[0003] Crystals are materials composed of elements 
arranged in a repetitive order that confers on the overall 
structure a Wavelike con?guration. These “Waves” tend to 
interact With Wavelike excitations traversing such structures. 
For example, propagation of a vibration through such a struc 
ture, although not straightforward, can be fully and predict 
ably described (as a phonon) given sul?cient knoWledge of 
the Wave-structure of the material. Photonic crystals com 
prise tWo or more periodically repeating dielectric materials 
With Which photons (i.e., electromagnetic Waves, Which is the 
more straightforward choice of name for the Wave/particle 
duality in this context) interact according to the laWs of 
refraction that apply to electromagnetic Waves according to 
MaxWell’s equations. Photonic crystals have numerous appli 
cations as el?cient radiation sources, sensors and optical 
computer chips. 
[0004] A consequence of the repetitious structure of pho 
tonic crystals is that light of certain Wavelengths (or “frequen 
cies,” the reciprocal of Wavelength) traveling in certain direc 
tions and orientations (or “polariZations”) Will not propagate 
through the crystal. That is, across the entire spectrum of 
Wavelengths, certain frequency ranges (or “bands”) cannot 
pass through the structure. The transmitted spectrum thus has 
“gaps” in it. In common parlance, the property of the structure 
that gives rise to a gap in the transmitted spectrum is called a 
“band gap.” Band gaps that reject a band of frequencies no 
matter their direction or polariZation are called “complete 
band gaps.” The utility of such band gaps, like the electronic 
band gaps in semiconductors, lies in their susceptibility to 
being breached by defects intentionally introduced into the 
structure. By violating the perfect periodic arrangement of the 
dielectric material-elements of the crystal, a previously pro 
hibited frequency band is alloWed passage into the crystal, 
Where it may be trapped, re-directed, or otherWise altered. 
[0005] The usefulness of the complete band gaps in peri 
odic structures is, hoWever, limited by the very periodicity on 
Which they depend. Periodicity limits the engineer of photo 
nic crystals to symmetries that do not lend themselves to 
dielectric materials other than those With dielectric constants 
that produce very high dielectric contrast. For many applica 
tions, furthermore, the band gaps in periodic structures tend 
to be of limited usefulness because their anisotropy makes 
devices made With them highly direction-dependent. Period 
icity also limits the engineer to a narroW choice of defects, and 
increases the risk of introducing unintended defects during 
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fabrication. These periodicity-induced limitations apply also 
to structures siZed to control the passage of phonons and 
electrons. 
[0006] Materials are needed that relax constraints imposed 
by periodicity but alloW the artisan to engineer complete band 
gaps that preferably do not depend on direction or polariZa 
tion. 
SUMMARY 
[0007] In various embodiments, the invention provides 
articles of manufacture, and methods of designing and mak 
ing said articles, Wherein the article comprises a plurality of 
material-elements disposed With respect to one another as a 
heterostructure preferably in a non-crystalline or quasicrys 
talline, hyperuniform, isotropic distribution in a condensed or 
solid state. Articles that embody the invention permit excita 
tions in the form of Waves of energy to propagate through 
them or, depending upon the frequency of the Wave and its 
direction of propagation, prohibit such passage by re?ection 
or trapping. Additionally, said articles have a complete band 
gap, preferably TE- and TM-optimiZed. 
[0008] In preferred embodiments, the article comprises a 
non-crystalline, hyperuniform heterostructure comprising a 
plurality of material-elements and a complete band gap. In 
one embodiment, said heterostructure is derived from a hype 
runiform pattern of points. In one embodiment, said point 
pattem comprises a plurality of points disposed in a plane. In 
another embodiment, said point-pattern comprises a plurality 
of points disposed in a d-dimensional space to create a d-di 
mensional point-pattern. In one embodiment, said hetero 
structure is a polygonal heterostructure. In one embodiment, 
said hetero structure is a polygonal heterostructure having an 
azimuthal symmetry. In another embodiment, said hetero 
structure is a polyhedral hetero structure. In one embodiment, 
said heterostructure exhibits a quasicrystalline symmetry. In 
one embodiment, said heterostructure comprises material 
elements arranged With a long-range order. In another 
embodiment, said heterostructure comprises disordered 
material-elements. In one embodiment, said heterostructure 
is translationally isotropic. In one embodiment, said hetero 
structure is rotationally isotropic. In one embodiment, said 
material-elements of said heterostructure comprise a lattice, 
said lattice comprising a plurality of polygonal cells, Wherein 
a plurality of intersecting lines de?nes said polygonal cells, 
said lines de?ne cell-edges, said intersections de?ne vertices, 
and each said cell de?nes therein a polygonal cell-space. In 
another embodiment, said lattice comprises a plurality of 
polyhedral cells, Wherein said plurality of intersecting lines 
de?nes said polyhedral cells, Wherein each said cell com 
prises a plurality of faces, a plurality of vertices and de?nes 
therein a polyhedral cell-space. 
[0009] In one embodiment, said edges, faces and vertices 
have disposed thereon a ?rst material-element, and said cell 
spaces are ?lled With a second material-element. In one 
embodiment, said ?rst material-element has a higher dielec 
tric constant than said second material element. In a preferred 
embodiment, said ?rst material-element comprises silicon, 
and said second material-element comprises air. Further, in 
this embodiment, said ?rst material-element is disposed on 
said edges or said faces at ?nite thickness and each said vertex 
is coincident With a centroid of a cylinder having a ?nite 
thickness and a ?nite radius. 
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[0010] In one embodiment, the invention provides a 
method of making a hyperuniform heterostructure having a 
complete band gap comprising the steps of: 
[0011] i) selecting a structure factor for said heterostruc 
ture, 
[0012] ii) constructing a box of siZe L, said box having a 
?rst point-pattern of points, Wherein said points are 
spaced apart in a translationally disordered manner, said 
spaced-apart points having an average spacing, Wherein 
said average spacing is <<L, 
[0013] iii) constructing a Delaunay trivalent tiling from 
said ?rst point-pattern and plotting a centroid for each 
said tile to create a centroid point-pattern, 
[0014] iv) identifying for each centroid in said centroid 
point-pattern a nearest-neighbor neighborhood of said 
tile; 
[0015] v) constructing a plurality of lines to connect said 
centroids in each said neighborhood in such a manner 
that (i) said plurality of lines de?nes a plurality of edges 
or faces having vertices, (ii) said plurality of edges or 
faces de?nes a super-cell having therein a cell-space, 
and (iii) each said super-cell surrounds an unique point 
in said ?rst point-pattern; 
[0016] vi) constructing a heterostructure by disposing on 
said edges or faces and vertices a ?rst material-element 
and ?lling said cell-spaces With a second material-ele 
ment, and assembling said heterostructure from a plu 
rality of said supercells. 
[0017] In one embodiment, said ?rst point-pattern of said 
method comprises vertices of a Penrose tiling. 
[0018] In a preferred embodiment, said ?rst point-pattern 
of said method has a parameter X that determines a fraction of 
Wavenumbers k Within a Brillouin Zone for Which the struc 
ture factor S(k) is set equal to Zero such that, as X increases, kc 
increases until X reaches a critical value XC, beyond Which 
said disordered pattern attains a long-range translational 
order. 
[0019] In one embodiment, said ?rst material-element of 
said method has a higher dielectric constant than said second 
material element. In a preferred embodiment, said ?rst mate 
rial-element comprises silicon, and said second material-el 
ement comprises air. Further, in this embodiment, said ?rst 
material-element is disposed on said edges or faces at a ?nite 
thickness and each said vertex is coincident With a centroid of 
a cylinder having a ?nite thickness and a ?nite radius. 
[0020] In a preferred embodiment, said centroid point-pat 
tern exhibits a number variance < NR2< —> NR> 2 (X R", Within 
a spherical sampling WindoW of radius R, Wherein p<d. 
BRIEF DESCRIPTION OF THE DRAWINGS 
[0021] FIG. 1 provides point-patterns and diffraction 
images of the scattering function S(k) for structures having 
(a) an isotropic but non-hyperuniform distribution of scatter 
ing elements, (b) an isotropic, hyperuniform but disordered 
distribution, and (c) an anisotropic, hyperuniform distribu 
tion With ?ve-fold symmetry (a quasicrystalline pattern). 
[0022] FIG. 2 shoWs a map in tWo dimensions of a photonic 
structure built up from a hyperuniform point-pattern. 
[0023] FIG. 3 shoWs a map in tWo dimensions of a quasic 
rystalline photonic structure With ?ve-fold symmetry (left 
panel) and the fractional band gaps (Aw/00c) therein (as a 
function of the number of scattering elements) for TM-block 
ing (circles), TE-blocking (squares) and complete blocking. 
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[0024] FIG. 4 shoWs a map in tWo dimensions of a disor 
dered hyperuniform photonic structure optimiZed for a com 
plete band gap (left panel) and a graph shoWing hoW the TM, 
TE and complete band gaps behave as a function of X. 
[0025] FIG. 5 shoWs a prior art representation of an optimal 
photonic crystal. Upper left panel shoWs a tessellation in tWo 
dimensions of the cells of the crystal; upper right panel shoWs 
its diffraction pattern and the graph depicts the structure of the 
crystal in terms of its band gaps. 
[0026] FIG. 6 shoWs a representation (tessellation, diffrac 
tion pattern and band gap structure) of a hyperuniform struc 
ture having suf?cient translational periodicity to confer on it 
the ?ve-fold symmetry of a quasicrystal. 
[0027] FIG. 7 shoWs a representation (tessellation, diffrac 
tion pattern and band gap structure) of a disordered hyperuni 
form structure optimiZed for X:0.35. 
[0028] FIG. 8 shoWs a representation (tessellation, diffrac 
tion pattern and band gap structure) of a disordered hyperuni 
form structure optimiZed for X:0.4. 
[0029] FIG. 9 shoWs a representation (tessellation, diffrac 
tion pattern and band gap structure) of a disordered hyperuni 
form structure optimiZed for X:0.5. 
[0030] FIG. 10 shoWs a tessellation map of a disordered 
hyperuniform point pattern and (in FIG. 10 CONT.) a photo 
graph of an actual heterostructure based on the map, fabri 
cated from a dielectric polymer. 
[0031] FIG. 11 is a photographic image of a pattern made 
by transmitting microWave radiation through the hetero struc 
ture shoWn in FIG. 10. The concentric ring identi?ed by the 
arroW arises in the image because of a TE photonic band gap 
in the structure. 
DEFINITIONS 
[0032] To facilitate an understanding of the various 
embodiments of this invention, a number of terms (Which 
may be set off in quotation marks in this De?nitions section) 
are de?ned beloW. Terms de?ned herein (unless otherWise 
speci?ed) have meanings as commonly understood by a per 
son of ordinary skill in the areas relevant to the present inven 
tion. As used in this speci?cation and its appended claims, 
terms such as “a”, “an” and “the” are not intended to refer to 
only a singular entity, but include the general class ofWhich a 
speci?c example may be used for illustration, unless the con 
text dictates otherWise. The terminology herein is used to 
describe speci?c embodiments of the invention, but the usage 
of any particular term does not delimit the invention, except as 
outlined in the claims. 
[0033] The phrase “chosen from A, B, and C” and the like, 
as used herein, means selecting one or more of A, B, C. 
[0034] As used herein, absent an express indication to the 
contrary, the term “or” When used in the expression “A or B,” 
Where A and B refer to a composition, product, etc., means 
one or the other, or both. As used herein, the term “compris 
ing” When placed before the recitation of steps in a method 
means that the method encompasses one or more steps that 
are additional to those expressly recited, and that the addi 
tional one or more steps may be performed before, betWeen, 
and/or after the recited steps. For example, a method com 
prising steps a, b, and c encompasses a method of steps a, b, 
x, and c, a method of steps a, b, c, and x, as Well as a method 
of steps x, a, b, and c. Furthermore, the term “comprising” 
When placed before the recitation of steps in a method does 
not (although it may) require sequential performance of the 
listed steps, unless the context clearly dictates otherWise. For 
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example, a method comprising steps a, b, and c encompasses, 
for example, a method of performing steps in the order of a, c, 
and b; c, b, and a, and c, a, and b, etc. 
[0035] Unless otherWise indicated, all numbers expressing 
quantities of ingredients, properties such as molecular 
Weights, reaction conditions, etc., as used in the speci?cation 
and claims, are to be understood as being modi?ed in all 
instances by the term “about.” Accordingly, unless indicated 
to the contrary, the numerical parameters in the speci?cation 
and claims are approximations that may vary depending upon 
the desired properties sought to be obtained by the present 
invention. At the very least, and Without limiting the applica 
tion of the doctrine of equivalents to the scope of the claims, 
each numerical parameter should be construed in light of the 
number of reported signi?cant digits and by applying ordi 
nary rounding techniques. Notwithstanding that the numeri 
cal ranges and parameters describing the broad scope of the 
invention are approximations, the numerical values in the 
speci?c examples are reported as precisely as possible. Any 
numerical value, hoWever, inherently contains standard 
deviations that necessarily result from the errors found in the 
numerical value’s testing measurements. 
[0036] The term “not,” When preceding and made in refer 
ence to any particular named composition or phenomenon, 
means that only the particularly named composition or phe 
nomenon is excluded. 
[0037] The term “altering” and grammatical equivalents as 
used herein in reference to the level of any substance and/or 
phenomenon refers to an increase and/or decrease in the 
quantity of the substance and/or phenomenon, regardless of 
Whether the quantity is determined objectively, and/ or sub 
jectively. 
[0038] The terms “increase,” “elevate, raise,” and gram 
matical equivalents When used in reference to the level of a 
substance and/or phenomenon in a ?rst instance relative to a 
second instance, mean that the quantity of the substance 
and/ or phenomenon in the ?rst instance is higher than in the 
second instance by any amount that is statistically signi?cant 
using any art-accepted statistical method of analysis. The 
increase may be determined subjectively, When a person 
refers to his subjective perception of pain, etc., for example, 
or objectively, When a person’s observable behavior indicates 
pain. Correspondingly, the terms “reduce,” “inhibit,” “dimin 
ish,” “suppress,” “decrease,” and grammatical equivalents 
When used in reference to the level of a substance and/or 
phenomenon in a ?rst instance relative to a second instance, 
mean that the quantity of sub stance and/ or phenomenon in the 
?rst instance is loWer than in the second instance by any 
amount that is statistically signi?cant using any art-accepted 
statistical method of analysis. 
[0039] A number of the terms used herein are de?ned in 
geometry. Some embodiments of the invention, for example, 
relate to the “construction” of geometrical ?gures, Whether 
With pencil, paper and compass or by means of computer 
programs, as distinct from the “construction” of obj ects, sys 
tems, etc. With physical materials. The term may be used 
herein in both senses, and its meaning in any instance Will be 
determined by the context. A constructed “line” herein may 
be straight, curved, continuous, discontinuous or segmented, 
signifying connectedness, direction, segregation, etc. as the 
context so admits. Various geometrical forms such as but not 
limited to “triangle,” “trihedron,” “box,” “face,” “Wall,” 
“cell,” “locus,” “point, centroid,” and “cylinder” are 
referred to herein. In general, these terms Will be used herein 
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Within their meaning in Euclidian space or in the Euclidian 
plane, but may be represented in other spaces by mathemati 
cal transformation. Thus, The term “space” herein encom 
passes any spaces de?ned in topology, regardless of dimen 
sion. In this connection, the term “trivalent” refers equally to 
planar triangles and to trihedrons. 
[0040] Other geometrical references made herein include 
“congruence,” Which refers to the identity (but for orientation 
in space) of a form With another form; “similarity,” Which 
refers to forms that are congruent but for scale, and “symme 
try,” Which refers to a property that a geometric object pos 
sesses if at least one translation, rotation, re?ection or inver 
sion operation can be performed on it that recapitulates the 
undisturbed object. The latter term is not to be confused With 
“order.” One can apply these tests of symmetry to disordered 
patterns as Well as to ordered patterns. Objects for Which all 
rotations are symmetric are “rotationally isotropic.” Objects 
for Which all translations are symmetric are “translationally 
isotropic.” “Translational invariance,” as used herein, refers 
to a condition that may be revealed in a test object (i.e., an 
object being inspected for the condition) by moving an iden 
tical copy of the test object on (or through) the test object 
along a vector (i.e., in a de?ned direction), and ?nding that a 
de?ned point (or point pattern) in the copied object is con 
gruent With an in?nite discrete set of points in the object. Note 
that this de?nition implies, at least With respect to the direc 
tion of the vector, an object of in?nite siZe (i.e., having no 
“edge). 
[0041] The term “structure,” as used herein is not intended 
to be limited to the concept of an assembly of classically 
mechanical elements. Some “structures” herein (e.g., the ?rst 
Brillouin Zone, described infra) may be better represented and 
analyZed in “reciprocal space” than in real space. To distin 
guish topologically de?ned structures from assemblies of 
classically mechanical elements, the latter are referred to 
herein as “compositions,” “articles,” or “articles of manufac 
ture” assembled using “material-elements” made of “materi 
als” (e. g., silicon). A given composition may comprise one or 
more species of material; a “material-element” does not 
imply that each such element is of only one siZe, shape, 
constitution or function. 
[0042] A “crystal” usually refers to a system of bonded 
atoms arranged in periodically repeating sub-systems 
(“cells”). The term may be used herein more broadly to refer, 
Without limitation, to any assemblage of points, lines, planes, 
volumes or other elements arranged in a periodic manner. 
Such elements may be geometrical abstractions (“points”) or 
they may comprise actual physical material. Typically, in 
systems of tWo or more dimensions, the periodically arranged 
elements are disposed in relation to one another in the form of 
a latticeWork. Familiarly, the “points” comprising the lattice 
Work are occupied by atoms chemically bonded to one 
another at the ver‘tices of the faces of the lattice and the 
electron “cloud” associated With each such atom accounts, 
collectively, for the interference With the passage of electro 
magnetic energy (e.g., X-rays) through the lattice. Such lat 
tices may have tWo-, three- or n-dimensions, and may be 
treated as being in?nite: that is, having inde?nite boundaries 
that encompass an essentially in?nite number of cells. A 
particularly useful primitive cell for analytical purposes is the 
so-called “Wigner-SeitZ” cell, found by identifying, for a 
selected vertex point, the set (or “locus”) of vertex points in 
the lattice that are closer to the selectedpoint than to any of the 
other points in the lattice. These points are in the “neighbor 
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hood” or “point-neighborhood” of the selected point (tri 
angles having a vertex at a selected point are in the selected 
point’s “triangle neighborhood”).A plurality of such cells can 
be assembled Without “gaps” in betWeen, or “overlaps,” (i.e., 
the cells are “tessellated”) and the result maps the overall 
structure of the lattice. One can pass an electromagnetic ?eld 
Wave Qi-rays, for example) through a real crystal, such that 
the Wave is diffracted by its interaction With the electron 
clouds in the crystal, ?nally to illuminate a screen at a distance 
beyond. One Will observe on the screen a pattern of light and 
dark spots, lines and/or circles (i.e., a “diffraction pattern”). 
The pattern is not an image of the crystal but it is the recip 
rocal of such an image. It is the crystal lattice in “reciprocal 
space.” From it, one can construct a primitive cell that cap 
tures (the reciprocal of) the lattice structure of the entire 
crystal. This primitive cell is called the “?rst Brillouin zone” 
(or, for practical purposes, simply the “Brillouin zone”). 
[0043] A “photonic crystal” affects the passage of photons 
(i.e., electromagnetic Waves) in particular by virtue of inter 
faces that occur periodically betWeen tWo or more materials 
comprising the crystal. Because the materials have different 
refractive indices, light passing from one material into the 
other at an interface betWeen them sloWs doWn (or speeds up), 
Which bends the path of the light. The ensemble of such 
interfaces in a photonic crystal behaves collectively as if 
distributed in a latticeWork of points that scatter light. Light of 
a certain Wavelength (or, more precisely, Within a certain 
range or “band” of Wavelengths) entering such a crystal in a 
certain direction may or may not traverse the crystal depend 
ing upon hoW it is refracted. Because a light Wave is an 
electromagnetic excitation that oscillates in a plane (see 
infra), its traversal also depends upon the orientation of the 
plane in Which the Wave is traveling. 
[0044] Light is an electromagnetic Wave of energy pro 
duced by oscillating charges or magnets. In a vacuum, the 
Wave propagates at 300,000 kilometers per second along a 
straight line called the propagation direction. In a dielectric 
material, it travels at a speed reduced by a factor “n,” knoWn 
as the refractive index. In a dielectric heterostructure, light 
moves through a heterogeneous mixture of materials With 
different dielectric constants and, hence, different light 
speeds. 
[0045] At any point along the light Wave, the electric ?eld 
oscillates along an axis perpendicular to the propagation 
direction and a magnetic ?eld propagates along an axis per 
pendicular to the electric ?eld axis and the propagation direc 
tion. Light is called linearly polarized if the electric ?eld axis 
is oriented in the same direction all along the Wave. The axis 
of electric ?eld axis oscillation is called the polarization or 
polarization direction. In general, light Waves propagating in 
a certain direction can be decomposed into a combination of 
tWo independent polarizations, conventionally chosen to be 
perpendicular to one another (and the propogating direction). 
Light coming from a source can be polarized, Which means a 
majority of light Waves traveling in the same direction Will 
have the same axis of electric ?eld oscillation. Alternatively, 
it may contain an equal mixture of light With both polariza 
tions. 
[0046] In tWo dimensional photonic materials (or three 
dimensional photonic materials With azimuthal symmetry), 
the material is used in such a Way that light propagates along 
the tWo-dimensions (or in the plane perpendicular to the 
azimuthal direction). The polarization direction, Which must 
be perpendicular to the propagation direction, may be purely 
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in the azimuthal direction; this is called TM or TM polariza 
tion or TM polarized light. Alternatively, the polarization 
direction may be in the tWo dimensional plane (and perpen 
dicular to the propagation direction); this is called TE or TE 
polarized light. The light may also contain a mixture of TM 
and TE polarized light. The same nomenclature is used to 
refer to tWo independent polarizations in three-dimensional 
photonic materials Without azimuthal symmetry. 
[0047] To the extent electromagnetic Waves (e.g., light 
Waves) of energy passing through a composition of matter 
interact With dielectric elements distributed Within the com 
position as “obstacles” to the free passage of the energy, only 
Waves of certain frequencies, moving in certain directions, 
Will in fact pass through. Others, due to re?ection, refraction 
or diffractive interference, Will not. For a given direction of 
light travel, the composition may permit one or more distinct 
ranges, or “bands,” of frequencies to pass through While pro 
hibiting electromagnetic energy in other states from com 
pletely traversing it. These prohibited ranges de?ne “band 
gaps” in the composition. It is not intended that the terms 
“band” and “band gap” herein have reference solely to elec 
tromagnetic Waves. Energy, be it electromagnetic, electronic, 
acoustic, or otherWise, can exist in a composition only in 
certain states (frequencies, polarizations, etc.). The energy 
may, Without limitation, be photonic (affected by electrical 
insulators, i.e., dielectric “obstacles”), electronic (affected by 
electrons transiently associated With atomic nuclei in a mate 
rial), acoustic (affected by the mass of constrained but elas 
tically vibrating atoms or “phonons”), or even a surface Wave 
on a body of Water (affected by macroscopic objects in its 
path) (Jeong et al., Applied Physics Letters 85:1645-1647, 
2004). 
[0048] As alluded to above, photonic band gaps do not 
exclude all lightWaves, only those of certain Wavelengths 
traveling in certain directions and in certain modes. A “com 
plete band gap,” as the term is used herein, is a band gap that 
prohibits the passage of both TE-mode polarized and TM 
mode polarized light. Complete band gaps are not necessarily 
equally pro?cient at blocking light travel in each mode. For 
example, a given complete band gap may prohibit TE-polar 
ized light robustly, and TM-polarized light Weakly. The band 
gap, although complete, is not “optimized.” In fact, the 
excluded range of frequencies for the TE-mode is generally 
substantially different from the excluded range of frequencies 
for the TM-mode, so the bandgap is complete only Where the 
tWo ranges intersect, i.e., in the range Where both polariza 
tions are excluded. Preferred embodiments of the present 
invention permit the construction of optimal complete band 
gaps in hetero structures. 
[0049] Energy is carried in an electromagnetic Wave or 
oscillating “?eld” in one direction inde?nitely at the speed of 
light (in a vacuum) until the Wave encounters an object that 
re?ects it, absorbs it, delays it (as in “refraction”), or distorts 
it (as in “diffraction”). Electromagnetic Waves can also inter 
act (“interfere”) With one another, additively to increase 
amplitude, or subtractively to extinguish all amplitude. 
[0050] The amount of electromagnetic energy that 
impinges on an object in any given period of time depends on 
hoW many Waves (counted by their “crests,” for example) 
reach the object during that period (“frequency”) and the 
height of the Wave (the “amplitude’). Short Wavelengths 
mean high frequency, Which, for a given amplitude, means 
more energy. Thus, electromagnetic energy can be denomi 
nated as frequency or as the number of Waves that pass 
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through a given space at a given speed (”Wavenumber“). It is 
to be noted that since Waves have both speed (or magnitude) 
and direction, they are vectors, symbolized herein by the 
bolded letter k. The magnitude of k is lkl. The (angular) 
Wavenumber (k) of an electromagnetic Wave is inversely pro 
portional to the Wavelength and is equal to lkl. 
[0051] A “point pattern,” as the term is used herein, refers to 
a pattern of points that may be used to derive a map or 
“blueprint” on Which one may fabricate articles that embody 
the invention. Such articles may be fabricated to manipulate 
the ?oW of energy carried by Waves, including but not limited 
to light energy. For example, the ?oW of energy carried by 
acoustic Waves can be manipulated in some embodiments of 
the invention. In some embodiments, the invention provides a 
map having a tWo dimensional point-pattern. In some 
embodiments, the invention provides a map having a three 
dimensional point-pattern. Advantageously, the patterns or 
maps are accessible for use in a computer. In this form, the 
structures they represent may be unbounded (to the extent 
computers permit). In one embodiment, useful in designing 
desired fabrications, the point-pattern is tWo-dimensional and 
has de?nable Within it a completely convex (typically circu 
lar) “sampling WindoW” of radius Rthat may be varied in siZe. 
In one embodiment, the point-pattern is three-dimensional 
and has de?nable Within it a completely convex (typically 
spherical) WindoW. It is not intended that embodiments be 
limited to tWo or three dimensions. One-dimensional and 
n-dimensional point-patterns are also contemplated. 
[0052] The “structure factor” of a structure relates to the 
“order” that the points of interest collectively assume in a 
structure under one or another condition, in the sense that the 
structure factor is a measure of the probability that the struc 
ture Will scatter a Wave of Wavenumber k, Which probability, 
in turn, is affected by the arrangement of the scatter-points in 
the structure. A structure factor may also be referred to as a 
“structure function,” “poWer spectrum,” “poWer density spec 
trum” or “S(k)”. The “order” of a point-pattern in a structure 
relates herein to a property exhibited by a population of points 
arranged or distributed in an array along a line, or in n-dimen 
sional space. That property may be measured in terms of 
“number variance.” In any sampling WindoW in Which one 
inspects a region of the structure, one Will ?nd a certain 
point-density (e.g., points/unit volume). By moving the 
inspection WindoW repeatedly Without changing its siZe (i.e., 
its volume in a three-dimensional structure), and counting the 
number of points encountered in the WindoW each time the 
WindoW is moved, one may readily determine the average 
number of points observed and the variance in the number 
observed for that WindoW siZe. As one changes the siZe (sur 
face or volume) of the WindoW, the number variance in the 
observed point-density Will vary in a Way that depends upon 
hoW the points in the population are ordered. If the points are 
distributed randomly in the structure (i.e., according to Pois 
son statistics), the increase in the volume of the observation 
WindoW and the increase in number variance Will be equal. If 
distributed hyperuniformly, the increase in number variance 
Will groW only as a fraction of the increase in the volume. 
[0053] In physical systems, structure functions and poWer 
spectra provide information about hoW points of mass, 
charge, energy, etc. distribute themselves in the system. A 
crystal is an example of a physical system comprising points 
that scatter impinging radiation (“scatter-points”). The radia 
tion that scatters from the crystal depends on the crystal’s 
structure function Which, in turn, depends on the extent to 
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Whichiand the manner in Whichithe density of scatter 
points ?uctuates through the crystal. 
[0054] To rationaliZe the concept of “order” in point-pat 
terns, at least three types of “order” are referred to herein. 
“Random order” refers to structures having point-patterns 
such that the statistics of point-density ?uctuations in any 
(normaliZed) sample of the structure (e.g., the sample vari 
ance) are consistent With a random (or “Poisson”) distribu 
tion. Stated quantitatively, the number variance of a purely 
random point-pattern in tWo dimensions or three dimensions 
varies exactly as the area (d:2) or the volume (d:3) of the 
WindoW varies. “Homogeneous” or “uniform” order refers to 
structures Whose point-density ?uctuations are statistically 
the same from sample-to-sample. Stated in another Way, the 
variance of any statistically homogeneous, isotropic point 
pattern groWs more sloWly than the WindoW’s volume groWs, 
but cannot groW more sloWly than the WindoW’s surface 
groWs. The number variance of a hyperuniform point pattern 
groWs more sloWly than the WindoW’s volumeiby a fraction 
that is strictly less than one. 
[0055] HoWever, the number variance of a major subclass 
of homogeneous, isotropic point patterns groWs exactly as the 
surface groWs. This subclass is also referred to herein as 
“hyperuniform” or “superhomogeneous.” This one subclass 
of hyperuniform patterns is called “stealthy” because, for a 
certain set of Wavelengths (that is, Where the Wavenumber 
ranges from kIO to k+kc), a light-scattering structure built 
according to such a point-pattern Will not scatter light: for that 
set of Wavelengths, the structure factor is exactly Zero (S 150). 
Quantitatively, < NR2) —< NR) 2:ARP, Where the brackets 
refer to averages over many independent sampling WindoWs 
of radius R. The relation determines the number variance in 
an average WindoW of radius R (N R being the number of 
points lying Within the WindoW), Where pZd-l and p<d. This 
means that the number variance must groW more sloWly than 
the volume of the WindoW in three dimensions (that is, 
2§p<3), or more sloWly than the surface area of the WindoW 
in tWo dimensions (1 §p<2). For example, it is common for p 
to be equal to 2 or 1 in three or tWo dimensions, respectively. 
The test for hyperuniformity in point-patterns is provided in 
greater detail by Torquato et al. in Phys. Rev. E 68: 41113, 
2003. The proportionality constant A for the relation above 
determines the degree of hyperuniformity, smaller values 
re?ecting greater hyperuniformity 
[0056] Described beloW is an “inverse” use of the “collec 
tive coordinates” method (Uche et al., Phys. Rev. E 
74:031104, 2006) to design point patterns from Whatever 
scattering characteristics may be desired for a particular 
structure. Collective coordinates are derived from measure 
ments of the co-ordinates or locations (plotted as Wavevec 
tors) of particles in their density ?eld. In the inverse, the 
Wavevectors associated With the desired scatter are employed 
to locate the appropriate scatter-points for the structure. 
Essentially, the exercise amounts to constraining some coor 
dinates (i.e., reducing degrees of freedom) and not others. The 
system quantity x is the ratio of the number of constrained 
degrees of freedom to the total number of degrees of freedom 
in the system. Essentially, it equals the fraction of Wavenum 
bers k Within the Brillouin Zone that are set to Zero The 
peculiar tendency of “stealthy” hyperuniform structures to 
shoW no long range order persists as X increases until X 
reaches a dimension-dependent critical value XC, beyond 
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Which the pattern attains long-range translational order. For 
tWo-dimensional systems, XC~0.77. 
DETAILED DESCRIPTION 
[0057] In one aspect, embodiments of the invention provide 
methods of designing structures of use in emitting, transmit 
ting, amplifying, detecting and modulating energy or energy 
quanta. The methods apply in particular to designing struc 
tures that emit, transmit, amplify, detect or modulate quanta 
of light (i.e., photons) or the equivalent thereof in the form of 
electromagnetic Waves. The methods are applicable espe 
cially to structures that can be assembled Without the degree 
of precision required by structures that rely on periodicity 
(e.g., crystals) to impart their effects on photons or, more 
pertinently in the present context, electromagnetic Waves. 
[0058] Structures that affect the passage of light there 
through generally comprise elements that scatter light. These 
elements form a variety of geometric patterns that can be 
represented diagrammatically as collections of points or 
“scatter-points.” Light that passes through a given collection 
of scatter-points, Whether it arises from outside the structure 
or from Within the structure, forms a diffraction pattern When 
it emerges. The diffraction pattern is a function of the geo 
metric scatter-point pattern, as illustrated in FIG. 1. One can 
see by inspection that the point pattern shoWn in panel A is 
disordered. Inspection of the point pattern in panel B also 
exhibits disorder, but the impression of “clustering” is less 
prominent. Neighboring points may be quite close to one 
another but, over the entire ?eld of vieW, highly dense clusters 
are not discernible. The sense of randomness is muted. More 
formally stated, ?uctuations in density groW With the circum 
ference or radius rather than area. This is a hallmark of homo 
geneity (uniformity). 
[0059] Many hyperuniform structures shoW translational 
periodicity. Hyperuniform patterns can be translationally dis 
ordered or ordered, and isotropic or anisotropic. Regular (pe 
riodic) crystals, Which are anisotropic and translationally dis 
ordered, are hyperuniform by the criterion de?ned above. 
Generally, quasicrystals also qualify. Although quasicrystals 
are aperiodic in the sense that they lack periodic translational 
symmetry in real space, their diffraction patterns (i.e., their 
reciprocal lattices) are consistent With periodicity. The dif 
fraction patterns consist of Bragg peaks, and their number 
variance and S(k) are consistent With the de?nition of hype 
runiforrnity. An example of a quasiperiodic crystal having 
?ve-fold symmetry and a hyperuniform structure is provided 
in panel C of FIG. 1 and in FIG. 6. Point-pattems that conform 
to a Poisson (i.e., random) distribution are not periodic and 
are not hyperuniform. HoWever, some disordered (and non 
periodic) point patterns, re?ected in certain embodiments of 
the present invention, are hyperuniform. 
[0060] A prime objective in designing photonic crystals is 
to build into them complete photonic band gaps. The ability to 
manipulate the How of light depends on such band gaps. It has 
generally been thought that the periodic nature of crystals is a 
determinant of their ability to accommodate complete photo 
nic band gaps. Surprisingly, the applicants have found, in 
simulations, that complete band gaps can be incorporated into 
some non-crystalline (i.e., non-periodic) materials, including 
disordered materials. Therefore, in another aspect, embodi 
ments of the invention provide articles comprising arrange 
ments of structural elements that need not confer periodicity 
on the composition to provide complete photonic band gaps 
in the composition. In fact, embodiments of the invention 
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include any article of manufacture that relies on a complete 
photonic, phononic or electronic band gap for functionality, 
and is non-crystalline (i.e., non-periodic) but is “disordered/ 
hyperuniform.” To make any such article, one proceeds 
according to the guidance that the prior art provides for mak 
ing the periodic version of the article, but simply substitutes a 
disordered/hyperuniform non-crystalline pattern. By Way of 
non-limiting example, US. Pat. No. 6,869,330 to Gee et al. 
discloses a method for fabricating a photonic crystal from 
tungsten for use in an incandescent lamp having improved 
e?iciency. A mold is fashioned lithographically in a silicon 
substrate according to a pattern dictated by a photolitho 
graphic etch mask. The pattern in the mask is characteriZed by 
a periodicity but, according to the instant invention, may be 
characterized by the disordered/hyperuniform criterion 
instead, thereby producing a non-crystalline incandescent 
emitter having improved ef?ciency compared to conventional 
tungsten ?laments. US. Pat. No. 6,468,823 to Scherer et al. 
discloses a method by Which devices that comprise photonic 
crystals (such as Waveguides, microcavities, ?lters, resona 
tors, lasers, sWitches, and modulators) can be made using a 
tWo-dimensional photonic crystal structure. The structure is 
based on patterning by means of mask lithography. Again, by 
laying out the patterning such that the disordered/hyperuni 
form condition is achieved, the present invention may be 
embodied in Waveguides, microcavities, ?lters, resonators, 
lasers, sWitches, modulators, etc. Three-dimensional photo 
nic crystals can also be fabricated by lithography. US. Pat. 
7,588,882 to Romanato et al. is exemplary. Again, the present 
invention may be embodied in devices such as those noted in 
Romanato et al. by substituting a disordered/hyperuniform 
non-crystalline pattern for the conventional crystalline pat 
tern. Disordered/hyperuniform non-crystalline versions of 
selective band-pass ?lters and photovoltaic solar cells are also 
Within the scope of the invention and can be made for the 
X-ray, ultraviolet, visible, infrared and microWave electro 
magnetic radiation regimes using, for example, the layer 
groWth techniques set forth in US. Pat. No. 6,064,511 to 
Fortmann et al. In this case, hydrogen radical beams are 
directed onto a substrate through a plurality of collimators 
laid out in a desired pattern, Which pattern may be disordered/ 
hyperuniform. 
[0061] The acoustic regime is also susceptible to manipu 
lation in disordered/hyperuniform structures having a 
phononic band gap. US. patent Application 2009/ 0295505 to 
Mohammadi et al., describes a method of making a so-called 
“phononic crystal” that prohibits passage therethrough of 
Wave-mechanical energy of certain Wavelengths. One can use 
the same method to make disordered/hyperuniform non-crys 
talline phononic devices that ?lter, con?ne or guide mechani 
cal energy and hence are useful for a variety of applications 
including Wireless communications and sensing. It is neces 
sary only to substitute the disordered/hyperuniform pattern 
for the crystalline pattern used by Mohammadi et al. 
[0062] The selective transmission of electrons through 
crystalline materials (such as silicon) having electronic band 
gaps is the basis of semiconduction and countless devices 
based thereon. Electronic band gaps can also be fabricated in 
amorphous (non-crystalline) silicon, advantageously by 
implantating self-ions into crystalline silicon (LaaZiri et al. 
Physical RevieW Letters 1999, 82:3460-3463). Thus, if one 
employs this method in combination With methods that are in 
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accord With the instant invention, the electronic regime may 
also be subject to manipulation in disordered/hyperuniform 
structures. 
[0063] Finally, another non-limiting method of fabricating 
a hetero structure according to embodiments of the invention 
is described in US. Patent Application Publication No. 2009/ 
0212265 to Grier et al. 
[0064] The patents and patent applications, cited above by 
Way of example and not of limitation, are incorporated herein 
in their entirety for all purposes. 
[0065] Although it is not necessary for patentability to 
understand hoW an invention, in any embodiment, Works, the 
applicants believe that hyperuniformity may play a role. In 
any case, non-periodic structures having complete band gaps 
built into them constitute a neW class of materials, some of 
Which may be at least as useful as many periodic structures: 
the band gaps of the non-periodic (i.e., translationally disor 
dered) structures can be siZeable; their accessibility is not 
subject to rotational symmetry limitations (they are rotation 
ally isotropic); and constraints on the placement of defects to 
control the How of light are relaxed. Limitations that the 
symmetry planes in periodic photonic crystals impose on 
Waveguide fabrication are reduced or removed. Attainable 
band gap siZes (Aw/00C) are more than about 5%, preferably 
more than about 10%, and more preferably more than about 
20% (Where A00 is the “Width” of the band gap, i.e., the range 
of prohibited Wave frequencies, and 006 is the midpoint of that 
range). In a preferred embodiment, the invention provides a 
heterostructure having high dielectric contrast. In one 
embodiment, the heterostructure comprises silicon and air. 
Non-limiting alternatives to silicon include alumina, tung 
sten, etc. The recognition that hyperuniform structures have 
these advantages Will motivate efforts to improve the degree 
of hyperuniformity in such structures, Which in turn Will 
permit persons of skill in the art to use embodiments of the 
invention for many purposes. 
[0066] To make a disordered heterostructure With a com 
plete band gap according to a preferred embodiment of the 
invention, one may ?rst lay out (i.e., “construct”) a transla 
tionally disordered hyperuniform point pattern. The “collec 
tive coordinate” protocol from Batten et al. (2008) enables 
one to create a large class of tailored hyperuniform point 
patterns by using a large class of targeted functional forms for 
the structure factor S(k). Given a target structure factor S(k) 
corresponding to a desired hyperuniform point pattern, the 
algorithm starts With an initial arbitrary con?guration of 
points Within a simulation box. Successive con?gurations of 
points are then sequentially moved according to an optimiZa 
tion technique that in the ?nal steps results in the targeted 
structure factor. An example of a class of hyperuniform point 
patterns that can be used to make disordered hetero structures 
are “stealth” point patterns. Such patterns have a structure 
factor S(k) that is precisely equal to Zero for all |k|<kC for a 
selected (positive) value of the critical Wavenumber kc and 
tends to unity for large k values. Such structures are referred 
to as “stealthy” because they completely suppress scattering 
for |k| <kC. The structure is therefore invisible at Wavelengths 
that meet this criterion. Provided that kc is above some 
threshold value, the disordered heterostructure derived from 
these stealthy patterns Will have a complete band gap. By 
tuning kc, one can increase the siZe of the band gap to siZes 
comparable to some photonic crystals. 
[0067] In further detail, the method utiliZes an inverse 
approach: one prescribes scattering characteristics (e.g., 
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absolute transparency) and constructs many-body con?gura 
tions that give rise to these targeted characteristics. One ?rst 
applies the methodology initially for structureless (i.e., point) 
particles and then generaliZes to structuredparticles, colloids, 
etc. 
[0068] It is to be noted that systematically increasing the 
system siZe has no effect on the degree of disorder. Con 
structed con?gurations remain disordered in the in?nite-vol 
ume limit (i.e., Where inter-particle distances are much less 
than the siZe of the system). 
[0069] “Stealth” materials refer to many-particle con?gu 
rations that completely suppress scattering of incident radia 
tion for a set of Wave vectors, and thus, are transparent at these 
Wavelengths. Periodic (i.e., crystalline) con?gurations are, by 
de?nition, “stealthy” since they suppress scattering for all 
Wavelengths except those associated With Bragg scattering. 
The method discussed here, hoWever, constructs disordered 
stealth con?gurations that prevent scattering only at pre 
scribed Wavelengths With no restrictions on any other Wave 
lengths. 
[0070] To characteriZe the local order of an ensemble, one 
uses pair information in real space via the pair correlation 
function g2(r) and in reciprocal space through the structure 
factor S(k) as these functions are experimentally accessible 
and used Widely in many-body theories. 
[0071] The pair correlation function is the normalized tWo 
particle probability density function p 2(r) and is proportional 
to the probability of observing a particle center at r relative to 
a particle at the origin. For a statistically homogeneous and 
isotropic medium, the pair correlation function depends only 
on the magnitude of rs |r|, and is commonly referred to as the 
radial distribution function g2(r). 
[0072] The structure factor is proportional to the intensity 
of scattering of incident radiation from a con?guration of N 
particles and is de?ned as 
N 
Where p(k) are the collective coordinates and k are the Wave 
vectors associated With the system volume and boundary 
conditions. Collective coordinates are the Fourier coef?cients 
in the expansion of the density ?eld: 
1v (M2) 
1 
Where r]. denotes the location of particle j. When S(k) depends 
only on the magnitude of kslkl, the structure factor S(k) is 
related to the Fourier transformation of g2(r)—1, ignoring the 
forWard scattering associated With k:0, 
Where p is the number density. For highly ordered systems, 
both g2(r) and S(k) contain a series of o-functions or peaks at 
large r and k, indicating strong correlations at the associated 
pair distance. In con?gurations Without long-range order, 
both g2(r) and S(k) approach unity at large r and k. 
[0073] The method has the advantage of targeting pair 
information in reciprocal space to construct con?gurations 
Whose structure factor exactly matches the candidate struc 




